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Abstract
Strongly quasipositive links are those links which can be seen as closures
of positive braids in terms of band generators. In this paper we give a neces-
sary condition for a link with braid index 3 to be strongly quasipositive, by
proving that in that case it has positive Conway polynomial (that is, all its
coefficients are non-negative). We also show that this result cannot be ex-
tended to a higher number of strands, as we provide a strongly quasipositive
braid whose closure has non-positive Conway polynomial.
Keywords: Braids. Conway polynomial. Positive links. Strongly quasi-
positive links.
1 Introduction
The notion of positivity related to a link has been deeply studied from
many different points of view. Maybe the simplest class involving this con-
cept is the family of positive links. An oriented link is said to be positive if
it has a positive diagram, that is, a diagram with all crossings being positive
(see Figure 1).
∗Partially supported by MTM2010-19355, P09-FQM-5112 and FEDER.
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Figure 1: In the leftmost part of the figure, you can see the chosen convention of
signs and a positive diagram representing the positive knot 52. The Artin-positive
braid σ3σ3σ2σ3σ2σ3σ1σ2σ3σ2σ1 and the BKL-positive braid σ34σ14σ23σ12σ24σ23σ12
are also shown.
There are also analogous notions of positivity related to braids; they de-
pend on the choice of the presentation of the braid group. Roughly speaking,
a braid is positive if there exists a positive word representing it, that is a
word with all its letters having positive exponent.
The braid group on n strands, Bn, has a standard presentation due to
Artin ([1], [2]):
Bn =
〈
σ1, σ2, ..., σn−1
∣∣∣∣ σiσjσi = σjσiσj |i− j| = 1σiσj = σjσi |i− j| > 1
〉
Attending to the presentation above, a braid is said to be Artin-positive
if it can be represented by a positive standard braid word, that is, a braid
word where each Artin generator σi appears with positive exponent. The
closure of an Artin-positive braid is an Artin-positive link.
Artin-positive links are, indeed, positive links. However, the converse is
not true. Although many proofs of this fact can be given, in Section 6 we
present one that could be interesting for the reader.
The braid group Bn admits another well known presentation due to Bir-
man, Ko and Lee [5]. The so called BKL generators or band generators, σij ,
are related to Artin-generators by the formula σij = (σj−2 . . . σi)−1σj−1(σj−2 . . . σi),
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Figure 2: The quasipositive surface associated to the closed BKL-positive braid in
Figure 1. Its boundary is a strongly quasipositive link (or BKL-positive link).
with i < j. They correspond to a positive crossing of strands in positions i
and j passing in front of the other strands, as shown in Figure 1.
Bn =
〈
σrs, 1 ≤ r < s ≤ n
∣∣∣∣ σstσqr = σqrσst (t− r)(t− q)(s− r)(s− q) > 0σstσrs = σrtσst = σrsσrt 1 ≤ r < s < t ≤ n
〉
Just as before, a BKL-word having only positive exponents is a BKL-
positive word. A braid is BKL-positive if there exists a BKL-positive word
representing it, and the closure of a BKL-positive braid is said to be a BKL-
positive link. Being more precise:
Definition 1.1. A braid is BKL-positive if it can be expressed by a word
written in terms of the generators given by Birman, Ko and Lee, with all
letters having positive exponents. The closure of a BKL-positive braid is a
BKL-positive link.
In [11] Rudolph introduced these links as the boundaries of what he called
quasipositive surfaces. A quasipositive surface is basically an orientable sur-
face consisting in a finite number of parallel discs joined by some bands
twisted in a positive way (see Figure 2). Each of these bands corresponds
to a BKL-generator.
Hence the families of strongly quasipositive links and BKL-positive links
are equal. The first name reminds that the link is boundary of a nice kind
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of surface; the second one brings to our mind the algebraic presentation of
the braid group.
In [14] Rudolph proved that positive links are strongly quasipositive,
which is not obvious. The converse is not true. In fact, Baader [3] showed
that a link is positive if and only if it is strongly quasipositive and homo-
geneous; in particular, the link L9n18{1} is strongly quasipositive but not
positive [15].
The Alexander-Conway polynomial (or just Conway polynomial) was re-
discovered in 1969 by J. Conway, as a normalized version of the Alexander
polynomial. Precisely, we will refer to the polynomial ∇(L) ∈ Z[z] given by
the skein relation ∇(L+)−∇(L−) = z∇(L0) with normalization ∇(©) = 1,
where L+, L− and L0 have diagrams that only differ in a small neighborhood,
as shown in Figure 3.
Figure 3: Diagrams of links L+, L− and L0 differ just in a small neighborhood,
as shown.
In 1983 Van Buskirk [17] proved that Artin positive links have posi-
tive Conway polynomial, that is, all its coefficients are non-negative. Six
years later Cromwell [7] extended this result to the class of positive links.
Recall that Artin-positive links are positive, and these ones are strongly-
quasipositive. In this paper we extend their result by proving the following:
Theorem 4.1 Strongly quasipositive links with braid index 3 have positive
Conway polynomial.
The plan of the paper is as follows: In Section 2 we recall the definition of
the Alexander polynomial in terms of the Burau representation of the braid
group. In Section 3 we give explicit formulas for the difference of the Conway
polynomial of two links whose associated 3-strands braids differ in an even
power of the Garside element; this result leads to a couple of corollaries
which are useful in Section 4, which is devoted to prove our main result.
The goal of Section 5 is to show that Theorem 4.1 cannot be generalized to
strongly quasipositive links with arbitrary braid index. Finally, in Section 6
we complete some fragments of this paper by giving examples of a link being
positive but not Artin-positive, and a link being strongly quasipositive but
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not positive.
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2 Conway polynomial from Burau representation
Burau [6] introduced a linear representation of Bn by squared matrices of
order n over the ring of Laurent polynomials Z[t, t−1]. This representation
have been widely studied, being its faithfulness one of the remaining open
problems (it is known to be faithful when n ≤ 3 and unfaithful when n ≥ 5,
but the case n = 4 is still unsolved).
We will use the reduced Burau presentation ψ : Bn → GL(n−1,Z[s, s−1])
defined by the formula ψ(σi) = Ai, where
A1 =
 −s2 0 01 1 0
0 0 In−3
 , An−1 =
 In−3 0 00 1 s2
0 0 −s2

and for 1 < i < n− 1
Ai =

Ii−2 0 0 0 0
0 1 s2 0 0
0 0 −s2 0 0
0 0 1 1 0
0 0 0 0 In−i−2

with Ik being the identity matrix or order k.
With the notation in [8], ψ(β) = ψrn(β) after the substitution t = s
2.
Then Lemma 3.12 and Theorem 3.13 in [8] can be restated to give the
following well-known presentation of the Conway polynomial in terms of the
reducible Burau representation:
Theorem 2.1. [8] Let α ∈ Bn be a braid and α̂ the link obtained as the
closure of α. Then the Conway polynomial of α̂ is given by
∇(α̂)(z) = (−1)n+1 s
−eα
[n]
|ψ(α)− In−1|
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after the substitution s−1 − s = z, where [n] = s−n−sn
s−1−s and eα ∈ Z denotes
the image of α under the homomorphism Bn → Z sending each generator
σi to 1.
Note that eα is well defined, as the exponent sum of a braid word is
invariant under the (homogeneous) relations of the braid group. Moreover,
eα is invariant under conjugation.
At this point, we find useful to show a slight modification of a result by
P. V. Koseleff and D. Pecker [9] which simplifies the substitution s−1−s = z
in the formula above by using Fibonacci polynomials. Recall that Fibonacci
polynomials are defined by the recurrence relation Fn(z) = z Fn−1(z) +
Fn−2(z) for n ≥ 2, starting with F0(z) = 0 and F1(z) = 1.
There exist closed combinatorial formulas to express the Fibonacci poly-
nomials; however, we will not use them through this paper. For our purposes
we need to extend these polynomials to the case when the subindex is neg-
ative; we do it in the natural way, by defining F−n(z) = (−1)n+1Fn(z).
Now we are ready to state our adapted version of Lemma 4.1 in [9]:
Lemma 2.2. [9] Let Fn(z) be the n
th Fibonacci polynomial. After the sub-
stitution z = s−1−s, the identity (s−1)n+(−s)n = Fn+1(z)+Fn−1(z) holds
for any integer n.
3 Conway polynomials of 3-braids differing in ∆2
From now on, we consider the braid group on 3 strands, B3, unless oth-
erwise stated. The following result provides a relation between the Conway
polynomials of two closed braids differing in an even power of the Garside
element ∆ = σ1σ2σ1 in B3.
Theorem 3.1. Let α, β ∈ B3 with β = ∆2k α, k > 0. Then, the difference
between the Conway polynomials of their closures is given by
∇(β̂)−∇(α̂) = z
k−1∑
i=0
(Feα+6i+4 + Feα+6i+2) ,
with Fn being the n
th Fibonacci polynomial for any integer n.
Proof. The reduced Burau representation of B3 is given by the matrices
B1 =
( −s2 0
1 1
)
and B2 =
(
1 s2
0 −s2
)
.
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Consider the case k = 1; the general case will be an extension of the
result obtained for this particular case.
As the Garside element in B3 is ∆ = σ1σ2σ1, it follows that eβ = eα + 6.
Since ψ(∆2) = s6Id2, we have that Tr(ψ(β)) = s
6 · Tr(ψ(α)). We now
combine these facts with Theorem 2.1 for computing the Conway polynomial
of both closed braids.
Since for a square matrix A of order two |A− xId2| = x2− xTr(A) + |A|
and taking into account the substitution s−1 − s = z, we have
∇(α̂) = s
−eα
[3]
|ψ(α)− Id2| = s
−eα
[3]
[1− Tr(ψ(α)) + |ψ(α)|]
=
1
[3]
[
s−eα − s−eαTr(ψ(α)) + (−1)eαseα] .
∇(β̂) = s
−eβ
[3]
|ψ(β)− Id| = s
−eβ
[3]
[1− Tr(ψ(β)) + |ψ(β)|]
=
1
[3]
[
s−eα−6 − s−eαTr(ψ(α)) + (−1)eαseα+6] .
Now we compute their difference:
∇(β̂)−∇(α̂) = 1
[3]
(
s−eα−6 − s−eα + (−1)eα(seα+6 − seα))
=
[
(−s)eα+4 + (s−1)eα+4] − [(−s)eα+2 + (s−1)eα+2] .
The second equality comes from the fact that(
s−1 − s) · [s−eα−6 − s−eα + (−1)eα(seα+6 − seα)]
=
(
s−3 − s3) · [(−s)eα+4 + s−eα−4 − (−s)eα+2 − s−eα−2] .
Applying twice Lemma 2.2 we obtain:
∇(β̂)−∇(α̂) = (Feα+5 + Feα+3)− (Feα+3 + Feα+1)
= Feα+5 − Feα+1 = z (Feα+4 + Feα+2) .
We complete the proof by induction: Suppose the statement true for
1, 2, . . . , k − 1, and let β = ∆2kα, γ = ∆2(k−1)α.
∇(β̂)−∇(α̂) = ∇(β̂)−∇(γ̂)︸ ︷︷ ︸
I
+∇(γ̂)−∇(α̂)︸ ︷︷ ︸
II
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=
[
z
(
Feγ+4 + Feγ+2
)]
+
[
z
k−2∑
i=0
(Feα+6i+4 + Feα+6i+2)
]
= z
k−1∑
i=0
(Feα+6i+4 + Feα+6i+2) .
Applying the induction hypothesis to I and II yields the second equality.
The third one holds since eγ = eα + 6(k − 1).
With some extra work, the theorem above can be deduced from work by
Murasugi in [10, Proposition 4.1]. He compares the normalized Alexander
polynomial of two closed braids differing in an even power of ∆ and provides
an expression for their difference, with an indeterminacy on a power of −t.
We think that the formula we present in Theorem 3.1 is quite simpler even
in the case of the Alexander polynomial (that is, just before the change of
variables s−1 − s = z).
As a consequence of this result, we get an interesting corollary. The
result for the even case was proved by Birman in [4]; as far as we know there
is no reference for the odd case.
Corollary 3.2. Let α ∈ B3 with eα = −3r 6= 0, r > 0, and consider
β = ∆2rα:
• If r is even, then ∇(β̂) = ∇(α̂).
• If r is odd, then ∇(β̂) = ∇(α̂) + 2z
r−1∑
i=0
F−3r+6i+4.
Proof. By applying Theorem 3.1 we get
∇(β̂) = ∇(α̂) + z
r−1∑
i=0
(F−3r+6i+4 + F−3r+6i+2)
= ∇(α̂) + z
r−1∑
i=0
(F−3r+6i+4 + F3r−6i−4)
= ∇(α̂) + z
r−1∑
i=0
[
F−3r+6i+4 + (−1)r+1F−3r+6i+4
]
= ∇(α̂) + [1 + (−1)r+1] z
r−1∑
i=0
F−3r+6i+4.
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Figure 4: BKL-generators σ12 = σ1, σ23 = σ2 and σ13 = σ
−1
1 σ2σ1.
The second equality holds since F−3r+6i+2 = F3r−6j−4 when j = (r −
1) − i. The third one holds since F−n = (−1)n+1Fn. This completes the
proof.
4 Strongly quasipositive links with braid index 3
In this section we continue working with braids on 3 strands. First of all,
we want to remark that the class of positive links and the class of strongly
quasipositive links are not equal even when considering links with braid
index 3. In Section 6 we provide such an example by showing a link with
braid index 3 which is not positive but strongly quasipositive.
From the point of view of the presentation given by Artin, B3 is generated
by two generators, σ1 and σ2. However, if we consider the presentation given
by Birman, Ko and Lee, B3 is generated by three generators: σ12 = σ1, σ23 =
σ2 (corresponding to the Artin-generators) and σ13 = σ
−1
1 σ2σ1. See Figure
4. From now on, we are going to work with BKL-generators, as strongly
quasipositive links are closure of positive braids in terms of these generators.
Given an oriented diagram D representing a link L, we can construct a
resolution tree rooted at D in the following way. Starting from the root,
each node would form a triple (parent, leftchild, rightchild) of the form
(D+, D−, D0). See Figure 5. The edge joining D+ and D− is labeled with
1, and the one joining D+ and D0 with z. This construction codifies the
Conway polynomial skein relation. Let L1, L2, . . . , Ln be the leaves in the
tree and Pi, 1 ≤ i ≤ n the product of the labels in the edges on the unique
path connecting the leaf Li and the root of the tree. Then, if we know
∇(Li), we can compute the Conway polynomial of the link L:
∇(L) =
n∑
i=1
Pi · ∇(Li).
At this point, we can state our main result:
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Figure 5: A resolution tree for the trefoil knot represented by the diagram D. It
has three leaves, L1, L2 and L3, and three paths joining them to the root: P1 = 1,
P2 = z and P3 = z
2. As the value of the Conway polynomial of the unknot and
split links is 1 and 0 respectively, one gets ∇(D) = 1 · 1 + z · 0 + z2 · 1 = 1 + z2.
Theorem 4.1. Strongly quasipositive links with braid index 3 have positive
Conway polynomial.
First of all, a result by Stoimenov [16] states that any strongly quasi-
positive link with braid index 3, is the closure of a BKL-positive braid on
3 strands. Hence, we just have to focus on proving the positivity of the
Conway polynomial of those closed braids.
The proof of Theorem 4.1 lies on two results. The first one gives a
procedure for constructing a particular resolution tree starting from a BKL-
positive braid word, whose branches have positive labels and each leaf is of
one of 8 types. In the second one we show that all possible leaves obtained
by following the algorithm above, have positive Conway polynomial. The
combination of both results completes the proof of Theorem 4.1.
Proposition 4.2. Let α ∈ B3 be a BKL-positive braid; then, it is possible
to construct a resolution tree for the link α̂, whose branches have positive
labels and whose leaves are closed braids belonging to the set {ε, σ1, σ1σ2} ∪
{(σ1σ2σ13)k, k > 0}, with ε being the trivial braid in B3.
Proof. Let w be a BKL-positive word representing the braid α and n its
length. If n = 1, then w is contained in M1, the set containing BKL-positive
words of length 1. If n = 2, then w is either in M2, the set containing those
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BKL-positive words of length 2 with two different letters, or it consists on
two repeated letters, w = σiσi, and it can be split into the trivial word, ε,
and one word of length one, σi, which is in M1.
Suppose now that n ≥ 3. If w = Pσ2iQ, with P and Q BKL-positive
words, split it by writing w as a node whose left child and right child are
w1 = PQ and w2 = PσiQ respectively; the left branch would be labeled with
1, and the right one with z. Note that w1 and w2 have length n−2 and n−1
respectively. Repeat this procedure with the BKL-positive words obtained
each time. Notice that we are not interested in each particular word, but in
the link closure of the braid represented by the word (that is, each node in
the tree is a BKL-positive word up to conjugation). Hence, we can replace
any positive word by another positive word representing the same braid, or
by another positive word corresponding to a cyclic permutation of its letters
(which corresponds to a conjugate braid, hence to the same link).
Now let us see that every braid which does not belong to {ε} ∪M1 ∪
M2 ∪ {(σ1σ2σ13)k, k > 0} can be split by the above procedure.
Consider a BKL-positive braid word of length at least 3, with no equal
consecutive letters. Note that the braids σ2σ1 = σ13σ2 = σ1σ13 are equiva-
lent. Now, start reading the braid word from the left; each time you find ei-
ther a σ2σ1, σ13σ2 or σ1σ13 occurrence, write this syllable in such a way that
its last letter equals the first letter after it (in cyclic order), so you get two re-
peated generators together. If no occurrence of σ2σ1, σ13σ2, σ1σ13, σ1σ1, σ2σ2, σ13σ13
appears in any cyclic permutation of the word, then the letter after every σ1
must be σ2, the letter after every σ2 must be σ13, and the letter after every
σ13 must be σ1, in every cyclic permutation of the word. Therefore, up to a
cyclic permutation, the word equals (σ1σ2σ13)
k for some k > 0.
As all the BKL-words in M1 and M2 are conjugated to σ1 and σ1σ2
respectively, this procedure allows us to construct a resolution tree rooted
in w, where all the branches have positive labels (either 1 or z), and all the
leaves belong to the set {ε, σ1, σ1σ2} ∪ {(σ1σ2σ13)k, k > 0}.
At this point, we just need to show that the closure of the braids in the
above set have positive Conway polynomial. As closing the trivial braid or
σ1 gives an split link, their Conway polynomials are null. The closure of a
braid represented by a word with two different letters, lets say σ1σ2, is the
trivial knot, so its Conway polynomial is 1.
It remains to prove the case of links which are closure of braids of the form
(σ1σ2σ13)
k, with k > 0. These are non-split links with 2 or 3 components,
depending on the parity of k. Computing their Conway polynomial is not
trivial; as a particular case of Corollary 3.2, we obtain the following result
11
Figure 6: This image illustrates the algorithm in the proof of Proposition 4.2. The
sign “=” represents a cyclic move in the order of the letters (that is, a conjugation).
Letters 1, 2 and 3 represent generators σ1, σ2 and σ13, respectively.
(the case k even was also computed by Stoimenov in [16]):
Corollary 4.3. The closure of the braid on 3 strands (σ1σ2σ13)
k has pos-
itive Conway polynomial, for any integer k > 0. In fact, ∇( ̂(σ1σ2σ13)k) =
2z
k−1∑
i=0
F−3k+6i−4 when k is odd, and it is null when k is even.
Proof. It is easy to check that σ1σ2σ13 = ∆
2(σ−12 )
3, so (σ1σ2σ13)
k = ∆2k(σ−12 )
3k,
since ∆2 is central. Now apply Corollary 3.2, with α = (σ−12 )
3k (hence
eα = −3k) and β = ∆2k(σ−12 )3k = (σ1σ2σ13)k.
If k is even, then ∇(( ̂σ1σ2σ13)k) = ∇( ̂(σ−12 )3k) = 0, since the closure of
(σ−12 )
3k in B3 is a split link.
If k is odd, then ∇(( ̂σ1σ2σ13)k) = 2z
∑k−1
i=0 F−3k+6i+4. As the Fibonacci
polynomials in the summation have odd subindices, all their coefficients are
positive.
This completes the proof of Theorem 4.1.
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5 Trying to extend the result
In this section we consider the problem of extending the previous result
to a higher number of strands, that is, we study whether every strongly
quasipositive link has positive Conway polynomial. The following result
gives a negative answer to this question by showing a counterexample:
Proposition 5.1. There are strongly quasipositive links having non-positive
Conway polynomial.
Proof. Consider the BKL-positive braid on 6 strands α = σ16σ16σ46σ35σ24σ13σ25.
Its closure is a strongly quasipositive link, whose Conway polynomial is
∇(α̂) = −z2 + 1, which is non-positive. (We computed ∇(α̂) by using a
C++ version of the program br9z.p, developed by Short and Morton in
1985: http://www.liv.ac.uk/ ∼ su14/knotprogs.html).
In [12], in the proof of Corollary 88 Rudolph stated that every Seifert
matrix of a given link can be obtained as the Seifert matrix of a strongly
quasipositive link. As a consequence, given a link L with Conway poly-
nomial ∇(L), there would exist a strongly quasipositive link L′ having the
same Conway polynomial, that is, verifying ∇(L) = ∇(L′). He also gives
a procedure for constructing L′ as a closed BKL-positive braid, starting
from a braid diagram of L. This result would provide an infinite family of
examples of strongly quasipositive links having non-positive Conway poly-
nomial. However, we think that there is a problem with the proof of this
result: it is claimed that the procedure for obtaining L′ starting from L (a
sequence of doubled-delta moves, also called trefoil insertion) preserves the
Seifert matrix. After applying this move to the braid β = σ1σ1σ
−1
1 ∈ B2,
one obtains β′ = σ16σ16σ25σ13σ24σ35σ46. The closure of β is the trivial knot,
hence ∇(β̂) = 1; however ∇(β̂′) = 7z2 + 1. This contradicts the fact that
doubled-delta moves preserve the Seifert matrix.
6 Appendix
In this section we show that the families of Artin positive, positive and
strongly quasipositive links are not equivalent, even in the case of links with
braid index 3. We give two examples: the first one is a positive knot which
is not Artin-positive, and the second one a strongly quasipositive link which
is not positive.
Proposition 6.1. There are positive links which are not Artin-positive.
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Proof. In Figure 1 it is shown a positive diagram of the knot 52; its braid
index is 3, as it is the closure of the braid α = σ−32 σ
−1
1 σ2σ
−1
1 . Suppose now
that 52 is the closure of a braid γ represented by a positive Artin-word w. We
take w with minimal length. Let D be the associated positive diagram. As
projection surfaces constructed from homogeneous diagrams have minimal
genus [7] and positive diagrams are homogeneous, g(SD) = g(52) = 1 leads
to s + 1 = c, where s and c are the number of Seifert discs and bands in
SD, the projection surface arising from D. Notice that s is the number of
strands and c is the number of crossings of γ.
Since c ≥ 5, γ must have at least 4 strands, and then some generator σi
must appear at most once. All generators must appear, since 52 is a knot (a
one-component link), so there exists one generator appearing exactly once,
and this is a nugatory crossing. This is a contradiction with the minimality
of w since 52 is prime.
Proposition 6.2. Links in the family {( ̂σ1σ2σ13)k, k even} are non-positive
but strongly quasipositive.
Proof. From the definition, it is immediate to check that links of the form
( ̂σ1σ2σ13)k are strongly quasipositive. The proof of their non-positivity when
k is even lies in a couple of additional results.
The first one is a result by Baader [3] which states that a strongly quasi-
positive link is positive if and only if it is homogeneous. Peter Cromwell
proved in [7] that, given an homogeneous link L of µ(L) components, its Con-
way polynomial is related with its genus by the formula 2g(L) = maxdeg (∇(L))−
µ(L) + 1.
Let L be a link in the family ( ̂σ1σ2σ13)k, and suppose that L is positive.
Since links in this family have 3 components, as a consequence of the results
above L should verify 2g(L) = maxdeg (∇(L))− 2.
Let S be the quasipositive surface associated to the word in the form
(σ1σ2σ13)
k representing L (see Figure 2). The Euler characteristic of this
kind of surfaces can be computed as χ(S) = dS − bS , with bS and dS being
the number of bands and discs in S respectively; as a consequence, 2g(S) =
2− µ(L) + bS − dS .
Rudolph proved in [13] that quasipositive surfaces have minimal genus for
the link they are spanning. Hence, L should verify maxdeg (∇(L)) = 1+bS−
dS . As we are working in B3, there are 3 discs in S, so maxdeg (∇(L))+2 =
bS .
Hence, if L were positive the number of bands in S and its Conway
polynomial should be related in the way above. We proved in Corollary 4.3
14
that ∇(L) = 0. However, the number of bands in S equals 3k, yielding a
contradiction.
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